Abstract. In this note we prove a result on the multiplicative independence of the numbers m − α, n − α, where m > n are positive integers and α is a reciprocal algebraic number with the property that α+1/α has at least two real conjugates over Q lying in the interval (−∞, 2]. As an application, we show that for any positive integers m > n and k 3 the numbers m − ζ k , n − ζ k , where ζ k is the primitive kth root of unity, are multiplicatively independent except when (n, k) = (1, 6). This settles a recent conjecture of Madritsch and Ziegler.
Introduction
Throughout, any two nonzero numbers z 1 , z 2 ∈ C are called multiplicatively dependent if there exist a, b ∈ Z, not both zeroes, such that z a 1 z b 2 = 1, and multiplicatively independent otherwise. Evidently, the numbers z 1 , z 2 are multiplicatively dependent (resp., independent) iff (which throughout means if and only if) for any roots of unity ζ, ζ the numbers ζz 1 , ζ z 2 are multiplicatively dependent (resp., independent). In particular, z 1 , z 2 are multiplicatively dependent if at least one of them is a root of unity. Below, we shall use the fact that two integers A > B > 1 are multiplicatively dependent iff there exist positive integers a < b and g > 1 such that A = g b and B = g a . For each k ∈ N we will denote by ζ k := exp(2πi/k) the primitive kth root of unity.
In [7, Question 1.4] and [8, Conjecture 2.8], Madritsch and Ziegler raised the following conjecture: for any k 3 and any positive integers m > n the numbers m − ζ k , n − ζ k are multiplicatively independent except when (n, k) = (1, 6) .
In the exceptional case, (n, k) = (1, 6), the number n
is a root of unity, so that the numbers m − ζ 6 , 1 − ζ 6 are multiplicatively dependent for every m ∈ C.
A particular motivation for their study comes from the paper of Hansel and Safer [4] , where the case k = 4 has been considered with application to the multiplicative independence of the bases of Z[ζ k ] of the form −m + ζ k .
One should say that considerable progress towards the solution of the abovementioned conjecture has already been made in [7] and [8] . In particular, the 506 PAULIUS DRUNGILAS AND ARTŪRAS DUBICKAS conjecture was settled for 0 < m − n 10 6 and also for any m > n > C(k), where C(k) is a positive constant depending on k only. Unfortunately, the constant C(k) which implicitly comes from the paper of Schinzel and Tijdeman [12] is so large that, following this approach, there is little chance to solve this problem even for small values of k. (In fact, the constant C(k) depends on certain effective bounds for the linear forms in logarithms; see also [1] for some further effective calculations, however inapplicable to practical results on this problem.) Some other particular cases, for instance, the case when k is a power of some small prime, have also been settled in [7] . The methods developed in [7] and [8] depend on applying the progress in the solution of several particular cases of the so-called Nagell-Ljunggren equation,
in integers X, Y, b 2, and k 3. In this note, by an entirely different and more straightforward approach, we will prove the above-mentioned conjecture: In fact, we will derive Theorem 1.1 from the following: Here, the algebraic number α = 0 is called reciprocal if 1/α is the conjugate of α over Q. Every reciprocal algebraic number α = ±1 has even degree d, whereas the corresponding β = α + 1/α has degree d/2 over Q.
In the next section, we shall prove Theorems 1.1 and 1.2. In Section 3, we shall prove Theorem 3.1 which is a version of Theorem 1.2 on multiplicative independence of the numbers
where k 3 and
2. Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.2. For a contradiction, assume that there exist two integers a, b, not both zeroes, for which
Clearly, without restriction of generality, we may assume that a 0. Let G be the Galois group of the normal closure of Q(α) over Q. Selecting any automorphism of G that maps α to its reciprocal 1/α and applying it to (2.1) we find that
By multiplying this equality with (2.1), one obtains
, there are automorphisms of G that map β to β 1 and to β 2 . Hence, by (2.2), we obtain
We will show first that a > 0. Indeed, if a = 0 and b = 0, then n 2 + 1 − nβ j must be a root of unity for j = 1, 2. Both numbers are real and positive (as n 2 + 1 − nβ j 2n − nβ j > 0), so they are both equal to 1. This forces β 1 = β 2 = n, which contradicts β 1 < β 2 .
Next, we will show that b = 0. Indeed, m 2 + 1 − mβ j > 1 for j = 1, 2, since m 2 > β j . Hence, as a 1, the left-hand side of (2.3) is greater than 1. Thus, b = 0.
Notice that m 2 + 1 − mx > n 2 + 1 − nx > 0 for each real x ∈ (−∞, 2). Hence, from (2.3) it follows that the function
has at least two zeros in the interval (−∞, 2), namely, x = β 1 and x = β 2 . Thus, by Rolle's Theorem, its derivative
Since a > 0 and n + 1/n − γ 2 − γ > 0, the left-hand side of (2.4) is positive. Thus, the right-hand side of (2.4) must be positive too. Therefore, on account of m + 1/m − γ > 0, we have b > 0. Now, as b 1 and the left-hand side of (2.3) is greater than 1, we get that n 2 + 1 − nβ j > 1 for j = 1, 2. Thus, taking into account
and a, b 1, from (2.3) we deduce that a < b. Combining this with
we conclude that the left-hand side of the equality (2.4) is strictly smaller than its right-hand side, a contradiction.
Proof of Theorem 1.1. For k = 5 and for each k 7 we clearly have
where ϕ stands for the Euler totient function. For any of those integers k the number α = ζ k is a reciprocal algebraic integer of degree ϕ(k) 4, and
has ϕ(k)/2 2 conjugates in the interval (−2, 2). Thus, by Theorem 1.2, the numbers m−ζ k , n−ζ k are multiplicatively independent for any integers m > n > 0.
The remaining cases k = 3, 4, 6 have already been treated in [8] . However, for the sake of completeness, we shall give a short proof in each of these three cases. is not an algebraic integer, and hence it is not a root of unity.
Similarly, inserting β = 0 (corresponding to the case k = 4) into (2.2) we deduce that the integers m 2 + 1, n 2 + 1 are multiplicatively dependent. This leads to m 2 + 1 = g b for some integers m, g, b > 1. However, by a very special case of Catalan's conjecture, the equation
has no integer solutions for positive integers X, Y, b > 1. (This particular case was settled in 1850 in [5] , whereas Catalan's conjecture was established in [10] .) Finally, inserting β = 1 (corresponding to the case k = 6) into (2.2) we derive that the integers m 2 − m + 1, n 2 − n + 1 are multiplicatively dependent. The case n = 1 leads to the multiplicatively dependent pair m − ζ 6 , 1 − ζ 6 . We will show that for m > n > 1 the numbers m − ζ 6 , n − ζ 6 are multiplicatively independent.
Indeed, suppose they are multiplicatively dependent. Then, in view of is not a root of unity. α, m 2 − α, . . . , m k − α for some algebraic numbers α of small degree was considered in [3] . It was observed there that in case α is an algebraic number but not an algebraic integer, then
with a 1 , a 2 , . . . , a k ∈ Z can only hold if
In particular, for k = 2, an algebraic number α (which is not an algebraic integer), and two integers m 1 > m 2 , the numbers m 1 − α, m 2 − α are multiplicatively dependent iff the quotient (
The following theorem is slightly more general than Theorem 1.2 (although it is weaker than Theorem 1.2 for t = 3). 
